What do we mean by saying that two …gures in the plane are congruent? It seems pretty clear: we mean that they have precisely the same shape-that they can be made to coincide by placing one suitably on top of the other. This perfectly simple, intuitive notion can be made precise in several di¤erent ways.
. Are X and Y congruent?
Clearly guided by this intuitive idea, Euclid employed the "method of superposition"early in his Elements [2, pp. 247-248 ] to prove the basic congruence proposition now called "SAS." The adequacy of this reasoning, not sanctioned by any of Euclid's assumptions, has been questioned over the years; and, apparently, Euclid himself was uncomfortable with it and used it only sparingly. The intuitive notion of simply moving a …gure from one place in the plane to another has many shortcomings besides vagueness, not least of which is that there is nothing to guarantee that the …gure is not changed in any essential way as it is moved. (See the extensive remarks by Heath [2, pp. 224-231,248-250] .)
Most textbook authors …rst de…ne congruence for segments and angles-either by calling two segments congruent if they have equal lengths and two angles congruent if they have equal measures, or by providing suitable congruence axioms, as Hilbert did in his well-known 1899 axiomatization of plane geometry, and then extend the notion to triangles by incorporating SAS as a postulate. Surprisingly, most authors remain mute about the congruence of more general …gures, although at this point one could reasonably say that a …gure X is congruent to a …gure Y if there is a mapping ' of X onto Y having the property that for each two points P and Q of X the segments P Q and '(P )'(Q) are congruent. Such a mapping would be an isometric, i.e., distance-preserving, mapping of X onto Y: Once the theory of isometries has been developed, the more usual de…nition, going back at least as far as Klein's Erlangen Programm (1872), is available: X is congruent to Y if there is an isometry of the whole plane that carries X onto Y:
In this brief note we examine these two natural de…nitions of congruent sets and show, as is perhaps not very surprising, that they lead to the same notion of congruence.
Congruence via distance-preserving mappings
A mapping ' of a subset X of the Euclidean plane is distance-preserving provided for all points P and Q in X ;
Note that such a mapping must be one-to-one, because if '(P ) = '(Q); then
An isometry is a distance-preserving mapping of the whole plane onto itself.
Isometries, also called motions, include translations, rotations, re ‡ections in lines, and the mappings that result from composing these maps. For a detailed study of such mappings, see, for example, Martin [3] .
Let us agree that a …gure in the plane is a non-empty compact set, so it must be closed and bounded. As we have noted, the congruence of …gures X and Y can be de…ned in two seemingly quite di¤erent ways, both of which perfectly incorporate the Euclidean notion of "superposition." That seems quite a lot to ask; the plane is a big place.
We begin with an elementary lemma. To simplify the notation, we write P Q instead of d(P; Q) for the distance between P and Q:
Lemma. and it follows that P; Q; and R are collinear with Q between P and R: Consequently, if A; B; and C are collinear, then one lies between the other two, the corresponding one lies between the other two, and so P; Q; and R are collinear. Proof of (b). As in (a), let 1 be an isometry that carries A to P and B to Q:
Proof of (a). The translation that carries
The image 1 (C) is one of the two points R and R at distances AC and BC from P and Q: If 1 (C) = R; let = 1 ; but if 1 (C) = R ; let be re ‡ection in the line P Q and = 1 : Then is an isometry that carries A; B; and C to P; Q; and R; respectively (Figure 2b) , and the point S = (D) is at the desired distances from P; Q; and R: Suppose T is a second point at the desired distances from P; Q; and R:
Since P S = P T and QS = QT; the points S and T lie on opposite sides of the line P Q; and because RS = RT the point R must lie on the line P Q; a contradiction.
Theorem. Two …gures X and Y in the Euclidean plane are isometric if and only if they are congruent.
Proof. If X and Y are isometric, they are trivially congruent. We have only to prove the converse. Suppose X and Y are congruent, and let ' be a distance-preserving map of X onto Y. To show that X and Y are isometric, we must …nd an isometry that agrees with ' on X :
A distance-preserving mapping must be one-to-one, and consequently X and Y must have the same cardinality. We consider three cases. ' be a distance-preserving mapping of S into X. Then there exists an isometry : X ! X such that (s) = '(s) for all s in S:
In [1] , Benz also gives a (necessarily in…nite-dimensional) example of a space in which the two notions of congruence do not agree.
